is an open access repository that collects the work of Arts et Métiers ParisTech researchers and makes it freely available over the web where possible. This is an author-deposited version published in: https://sam.ensam.eu Handle ID: .http://hdl.handle.net/10985/8235 To cite this version : Marc REBILLAT, Rafik HAJRYA, Nazih MECHBAL -Nonlinear structural damage detection based on cascade of Hammerstein Abstract Structural damages can result in nonlinear dynamical signatures that can significantly enhance their detection. An original nonlinear damage detection approach is proposed that is based on a cascade of Hammerstein models modelisation of the structure. This model is estimated by means of the Exponential Sine Sweep Method from only one measurement. On the basis of this estimated model, the linear and nonlinear parts of the output are estimated, and two damage indexes (DIs) are proposed. The first DI is built as the ratio of the energy contained in the nonlinear part of an output versus the energy contained in its linear part. The second DI is the angle between the subspaces described by the nonlinear parts of two set of outputs after a principal component analysis. The sensitivity of the proposed DIs to the pres-(Nazih Mechbal) ence of damages as well as their robustness to noise are assessed numerically on spring-mass-damper structures and experimentally on actual composite plates with surface-mounted PZT-elements. Results demonstrate the effectiveness of the proposed method to detect nonlinear damage in nonlinear structures and in the presence of noise. The process of implementing a damage detection strategy for aerospace, 2 civil, and mechanical engineering is referred to as structural health monitor-3 ing (SHM). In many cases, damages that appear on complex structures (such 4 as cracks, impacts, or delaminations) can result in nonlinear dynamical re-5 sponses that may be used for damage detection [1-4]. Furthermore, complex 6 structures often exhibit a nonlinear behavior even in their healthy states. A 7 robust and reliable SHM system must then be able to deal with nonlinear 8 damages, and to distinguish between their effects and inherent nonlinearities 9 in healthy structures. Several limitations of existing methods that are fac-10 ing these issues have been recently identified in a report by Farrar et al. [1]. 11 The first problem to be addressed is that "nonlinear behavior does not gen-12 eralize". This implies that the nonlinear models already in use are never 13 general enough to encompass all the structure encountered in real life. The 14 second problem is that "nonlinear approaches are computationally cumber-15 some, expensive, and requires too many parameters to be defined". Currently 16 2 developed nonlinear models are thus not adequate for practical use of SHM 17 systems. The work presented here attempts to face these two problems on 18 the basis of a simple, but rather general, nonlinear model identified by means 19 of a simple signal processing procedure. 20 In order to build a damage index (DI) that is sensitive to nonlinearities 21 different approaches have already been proposed [1, 2]. Some DIs are based 22 on a physical modeling of the damaged structure whereas some are computed 23 without any physical assumption (black box models). Among these black-box 24 approaches, some assume a parametric underlying signal processing model, 25 whereas some are fully non-parametric. To feed these models, random inputs 26 as well as deterministic broadband or narrowband inputs are used. In this pa-27 per, the focus is put on nonlinear damage detection approaches based on DIs 28 built using a non-parametric black box model estimated using a deterministic 29 broadband signal. There have been relatively few works in that direction. In 30 a linear framework, some authors [5, 6] have shown that a nonlinear damage 31 will impact the transmissibility functions (i.e. the frequency domain ratio 32 between two different outputs of the system) and they used such information 33 to detect and locate the damage. Extending the notion of transmissibility 34 functions to nonlinear systems that can be described by Volterra series, Lang 35 et. al [7, 8] were able to quantify the decrease of linearity generated by a 36 nonlinear damage and thus to effectively detect and locate it. However, as 37 such approaches are focusing on the loss of linearity, they do not seem to be 38 able to deal with systems that are nonlinear in their healthy states, a fact 39 that is quite common in real life. To overcome this drawback, several authors 40 attempted to fit a nonlinear model to the nonlinear structure under study 41 3 and to compare the actual and predicted outputs, or directly the model co-42 efficients, under different damage conditions [9-12]. By doing so, they were 43 able to detect numerically and experimentally a nonlinear damage even in 44 an initially nonlinear structure. However, the models they used where para-45 metric (mainly frequency domain ARX models) and thus were not easy to 46 manipulate and neither able to model, without any a priori on it, a general 47 nonlinear structure. 48 We propose here an original approach devoted to nonlinear damage de-49 tection in possibly nonlinear structures based on a simple, but rather general, 50 nonlinear model estimated by means of standard signal processing tools. This 51 approach is based on the assumption that the structure under study can be 52 modeled as a cascade of Hammerstein models [13], made of N branches in 53
Estimating each kernel h n (t) of a cascade of Hammerstein models is not a 101 straightforward task. An simple estimation method that has been proposed 102 previously by the authors [15] for this purpose and that is the basis of the damage detection procedure is briefly recalled here. 104 To experimentally cover the frequency range over which the system un- 105 der study has to be identified, cosines with time-varying frequencies are 106 commonly used. Indeed, if e(t) = cos[φ(t)] is the input of the cascade of 107 Hammerstein models, the output of the nonlinear block e n (t), see Fig. 1(a) , 108 can be rewritten using Chebyshev polynomials as in Eq.
(2). Details of the 109 computation of the Chebyshev matrix C = {c n,k } are provided in [15] . 110 ∀n ∈ [1. .N ] e n (t) = cos n [φ(t)] = n k=0 c n,k cos [kφ(t)]
(2)
When the instantaneous frequency of e(t) is increasing exponentially from 111 f 1 to f 2 in a time interval T , this signal is called an "Exponential Sine Sweep". 112 It can be shown in [14, 15] , that by choosing T m = 2m 
where γ n (t) corresponds to the contribution of the different kernels to the 123 n th harmonic.
124
In order to separately identify each kernel h n (t) of the cascade of Ham-125 merstein models, a signal y(t) operating as the inverse of the input signal 126 e(t) in the convolution sense, is needed. The Fourier transform Y (f ) of the 127 inverse filter y(t) can be built by means of Eq. (5):
128
where E(f ) and E(f ) are respectively the Fourier transform of e(t) and its 129 complex conjugate, and (f ) is a frequency-dependent real parameter chosen 130 to be 0 in the bandwidth of interest and to have a large value outside, with 131 a continuous transition between the two domains, see [15] .
132
After convolving the output of the cascade of Hammerstein models s(t) 133 given in Eq. (4) with y(t), one obtains Eq. (6), also illustrated in Fig. 1 
Because ∆t n ∝ ln(n) and f 2 > f 1 , the higher the order of non-linearity 135 n, the more advanced is the corresponding γ n (t), see Fig. 1 under study can then be fully extracted.
In Eq. (7), C T stands for the transpose of the Chebyshev matrix C, and 141C represents C, from which the first column and the first row have been 142 removed.
143
It can be noticed here that the proposed method is not fully nonpara- s NL (t), we propose a damage index defined as follow:
175
where f 1 and f 2 have been defined earlier in Sec. 2.2.
176
In a given composite structure, as the nonlinear damage (impact, delami-177 nation, or crack) becomes more severe, it is expected to contribute more and 178 more to the nonlinear part of the output s NL (t). As a consequence, DI 1 is expected to be sensitive to the presence of the damage, but also to its ex- can then be rewritten as follows:
∈ R U ×Jp are respectively the matrix of singular values, the matrix of 199 right singular vectors, and the separating matrix associated to the princi- :
We then propose to define a damage index as:
where J p is the number of principal components retained in the principal 214 subspaces. This damage index can be interpreted as the angle between the 215 subspaces described by the nonlinear parts of the outputs in the healthy state 216 and in the unknown state.
217
In a given composite structure, as the nonlinear damage becomes more 218 severe, it is expected to contribute more and more to the nonlinear parts of 219 the different outputs {s j (t)} j∈[1.
.J] and then to increase the angle between 220 the associated principal subspaces. As a consequence, DI 2 is expected to be 221 sensitive to the presence of the damage, but also to its extent. This will be 222 demonstrated numerically in Sec. 4.4 and experimentally in Sec. 5. have a lower stiffness when the crack is open than when the crack is closed.
234
Thus, the bilinear stiffness is defined as follows:
In this definition, k I denotes the linear stiffness of the original undamaged Fig. 2(b) . The In Fig. 5(a) the noisy input signal f (t) as well as one of the five output 295 signals, x 4 (t), of the system of Fig. 2(b) are shown. It can be seen that 296 as previously the nonlinear system of Fig. 2(b) filters the input signal and 297 possesses a clear resonant frequency in the bandwidth under study. Further-298 more, the fact that this system is nonlinear can be easily seen as the output 299 signal is not symmetrical with respect to the horizontal axis. In Fig. 5 deviations. We can thus conclude from that simulation that the damage in-309 dex DI 2 is here also able to detect and to quantify the amount of damage in 310 the nonlinear system with a high robustness to noise. one are plotted on Fig. 7(b) . It can be seen that the environmental noise 377 does not cause large changes to these DI 2 values. On the basis of these 378 values, a decision threshold has then been defined as ten times the maximum 379 value obtained previously. The factor ten is arbitrarily chosen but is thought 380 here to be sufficiently large for reasonable decision making. This decision 381 threshold is also plotted on Fig. 7(b) . Now, the impact of environmental 382 noise in the damaged case can be assessed by comparing, for each trial the 383 DI 2 value obtained by comparing the healthy and damaged states. As shown 384 in Fig. 7(b) , for each trial, the obtained DI 2 values are not so influenced by 385 noise and are always above the decision threshold value. Thus, we can say 386 that the DI 2 defined by Eq. (13) is not very sensitive to noise and appears 387 to be sensitive to the presence of the damage for this actuator. both the healthy and damaged states. From Fig. 8(a) , it is clear that the 397 damage introduced in the plate generates nonlinearities and that the DI 1 as 398 defined in Eq. (9) is sensitive to the presence of this damage. Indeed, for all 399 the actuators, the mean DI 1 values computed for all the paths starting from 400 a given actuator are higher for the damaged state than for the healthy one.
401
To assess the sensibility of the DI 2 defined in Eq. (13) to the presence 402 of the damage for different actuators and paths over the plate, DI 2 values 403 have been computed for each of the 9 actuators using measurements from 404 the healthy and damaged plates (as described in Sec. 5.2). These damage 405 index values are compared in Fig. 8(b) to the detection threshold defined in 406 the previous section. From Fig. 8(b structures often exhibit a nonlinear behavior even in their healthy states.
416
A robust and reliable SHM system must then be able to deal with nonlinear 417 damages, and to distinguish between their effects and inherent nonlinearities 418 in healthy structures. The first problem to be addressed is that the nonlinear 419 models already in use are never general enough to encompass all the structure 420 encountered in real life. The second problem is that the currently developed 421 nonlinear models are not adequate for practical use of SHM systems. The 422 work presented here attempts to face these two problems on the basis of a 
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The work presented here is however only a first step toward a larger use of 443 this method in SHM. Indeed, it has be shown here that the proposed DIs are 444 effectively sensitive to the presence of a non-linear damage and that they can 445 potentially be helpful to quantify its extent. However, this approach can also 446 be cast in the context of a statistical pattern recognition problem. Then, the 
